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Question Paper Specific Instructions

Please read each of the following instructions carefully before attempting questions :

There are EIGHT questions divided in TWO SECTIONS and printed both in HINDI and
in ENGLISH.

Candidate has to attempt FIVE questions in all.

Questions no. 1 and 5 are compulsory and out of the remaining, THREE are to be
attempted choosing at least ONE from each section.

The number of marks carried by a question/part is indicated against it.

Answers must be written in the medium authorized in the Admission Certificate which
must be stated clearly on the cover of this Question-cum-Answer (QCA) Booklet in the space
provided. No marks will be given for answers written in a medium other than the
authorized one.

Assume suitable data, if considered necessary, and indicate the same clearly.

Unless and otherwise indicated, symbols and notations carry their usual standard
meaning.

Attempts of questions shall be counted in sequential order. Unless struck off, attempt of a
question shall be counted cven if attempted partly. Any page or portion. of the page left
blank in the Question-cum-Answer Booklet must be clearly struck off.
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Q1.

TUs A
SECTION A

T vt & I S

~ Answer all the questions :

(a)

(b)

(e)

uH Sifg K U6 &3 8§ a1 K[X], K | U6 Tha (=9 X § 95961 I o9ed 2 |
U ogds f e KIX] & fog wm fife (f), £ gmn fa KX] # qorsieet #
fifde @t 2 | qusE 3 (), K(X] ¥ wh 3ferms Tummac 2 a ik Shaw af
f, K 9 TEe 9576 & |

Let K be a field and K [X] be the ring of polynomials over K in a single
variable X. For a polynomial f e K[X], let (f) denote the ideal in K [X]
generated by f. Show that (f) is a maximal ideal in K[X] if and only if f is
an irreducible polynomial over K.

1!
fix) =x2sin =, 0<x < oo
X

R QT U weH £: (0, ) —» R F U eyize 6 v omwera wo
g:R 5 RE S £ v foam star & |

For the function f : (0, ) > R given by

ﬂx)zxzsinl,0<x<oo,
X

show'that there is'a differentiable function g : R — R that extends f.

- AR (x,) T fy,) B g stmra: wienfya @ #

1
X1 =52 Y1=1 X, = yXp 3 ¥ng, 2=2,3,4, ...

._1_=_]:i+ 1 . mi=2,8,14, .
yn 2 Kn yn—l

ferg shifsre o6
X, <X <y <y q, n=234 ..
et e il 6 g1 o9 w6 @ @A (limit) ¢ W sfwRa B9 §,

Eﬁ%<l<1%l
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(d)

(e)

Two sequences {x,} and {y,} are defined inductively by the following :
1
By w RSESANdS = | x| Yoty Sais ASE 47 3

Bl Ll n_224
3"11 2 Xn y11—1

Prove that
x‘ﬂ—l\:xn{yn'(yn_la n-2,3','1.,...

2L1=

and deduce that both the sequences converge to the same limit [,
where —i— <] <Hl! 10

I v(x, y) = X5 - 3xy> + 2y T JEAE e & 22094 g ol (&g hifsTe |
afe 7F, O soer Ggrh THaTS Her ulx, y) I IS T S [EReifth wer
e ST R afd® T9T SHedie TN HEN; uadl v E |

Is v(x,y) = x5 — 8xy2 + 2y a harmonic function ? Prove your claim. If yes,
find its conjugate harmonic function u(x,y) and hence obtain the
analytic function whose real and imaginary parts are u and v
respectively. 10

el
x+2y>1, 2x+y<1, x20 I y=0
¥ WY 5x + 2y 1 Ahad qF A &4y g Fa HINT |

Find the maximum valueof
ox + 2y
with constraints
x+2y2>1, 2x+y<1, x>0 and y>0

et o Pt [ R P 0



Q3.

(b)

(c)

(a)

Show that the series

oo

(_l)n-i-l
n+1l

n=1

is conditionally convergent. (If you use any theorem(s) to show it, then
you must give a proof of that theorem(s).) 15

W SIS p T STHISH S 2 T80 4 0Tl HISTQ! ph AT qE bl [
U & | GRITT o6 Z <1 Sedeh YRIeT Srewa Z,) B S B @ |

Let p be a prime number and Zp denote the additive group of integers
modulo p. Show that every non-zero element of Zp generates Zp. 16

HHhAH H0T I
Z = 2%y + 3Xg + 6Xg
o |
2% + X5 +X3<5
3%5 +2x3<6
x120,%920,%3 20,

FT IEAH B Afgad™ & 2 A9 I H1 e AR |

Maximize
Z = 24 + 8%y + 6Xg
subject to
2X1 + X9 +X3<5
3xXg +2x5<6
x120,%920,x320.
Is the optimal solution unique ? Justify your answer. 20

HH AT K, &3 F 1 U far € | fag Sifsie o K% s@9a, s 6 F W
T &, K$T SUBT sHd & | 3, 9 F c K c L 83 %, L, KW & 2
Ul K, F R 7 &, a9 fog Hfifse &6 L, F o s 2 |

Let K be an extension of a field F. Prove that the elements of K, which
are algebraic over F, form a subfield of K. Further, if F ¢ K c L are
fields, L is algebraic over K and K is algebraic over F, then prove that L

is algebraic over F. 20

M ECT N AT A



Q4.

(a)

(b)

(c)

v : [0, 1] = C be the curve
¥(t) = 2™t 0%,

Find, giving justifications, the value of the contour integral 15
dz
_[ 4z% -1
¥
Show that every algebraically closed field is infinite. 15

A AT £: R— R T §ad B 39 JHR 2% lim f(x) 90 lim f(x) 0

X—>-+co X—>—co

3ffeiea 2 a9 3 uiifig § | g Fifdre 5 R W f THEAHE Hdd 2 |

Let f: B — R be a continuous function such that lim fix) and lim f(x)
X—>+00 X—>—00

exist and are finite. Prove that f is uniformly continuous on R. 15

ferg SRl 1o wredes = @it gus 1o g % st ww Rvaifes B =)
g el 2

Prove that every power series represents an analytic finection inside ite
circle of convergence. 20
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(b)

(c)

Gl F1d hIfY |

Find the general equation of surfaces orthogonal to the family of spheres

given by B y2 + 72 = ez

wéﬂﬁ[z—gﬁz—swz—yx 3y - }\ﬁffmﬁ?ﬁ%

1 e T
Sl ‘&(u,v,wm-cﬁaﬁmﬁén%am T :(x,y,z‘)@ r2=x2+y2+32§ ?
99 12 + y2 =9, 2= 0 8 TRE=W (circulation) 7 & ?

1] 163

Does a fluid with velocity —q) [z . e 2= 37 — =y ,x—3y - é}}
r

possess vorticity, where Ei(u, v, w) is the velocity in the Cartesian

frame; 7 =(x,y,z) and Pt x% y2 + 72 2 What is the circulation in the

2

. 9
circlex* +y“=9, z=07?

maaaquaa?ﬁ-w,a’r%ma?ﬁ%aﬁaaﬂa(space)ﬁvﬁnﬂ%,w
Freme ST | AR ¢ = 0 T HeI-feg B YEAI il § qe ¢ ae i fEid
(=, y,z)‘ﬂq—g'?‘lﬂ'[% ﬁ%ﬁ_ﬂaﬁﬁﬂEWWSﬁx Y 2 T%@W
% &Y F T4 T |

Consider a single free particle of mass m, moving in space under no
forces. If the particle starts from the origin at t = 0 and reaches the

position (x, y, z) at time 7, find the Hamilton’s characteristic function S

1

0

10

as a function of X, ¥, 2, T.

~
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@ Fefafes omee g s gea G-emeamd qon Sisw-enumdt Tenat A
G
(i) 4096
(i1) - 0:4375
(iii) 2048-0625
Convert the following decimal numbers to equivalent binary and
hexadecimal numbers : 10

(1) 4096
(1) 0-4375
(iii) 2048-0625

(e)  AIRIH AaHel THIHT
Cy+zx)p—(x+yz)q:xz'—y2
1 ST TR T4 I, |
Find the general integral of the partial differential equation
(y+zx)p—-(x+yz)q=x2—y2. 10

Q6. (a) THIHRW z = p2— ¢ & AT FHuRe HIE, TN oo 4z + x2 = 0,
y = 0¥ TERA T qHTehel I56 S11A shifwig |
Determine the characteristics of the equation z = p2 - qz, and find the
integral surface which passes through the parabola 4z + x2 = 0, y:=0. 15

(b) | UL D R ST et Y T G0 # ge-Reg O T NEe m
T T 3O g8 8 | WISt T & TRt forg PR O fava ¢ &t W
%—Urcos@%,aﬁOP=rﬁ9ﬂ 0 98 B B I opP R % Wy sEmE

R | URR@IST H oEha GHEO WA hHie qen quise R oA gt
Ur? sin? 0 — 2m cos 0 = 3= (constant) T f&q & |

A simple source of strength m is fixed at the origin O in a uniform
stream of incompressible fluid moving with velocity U_i> . Show that the
velocity potential ¢ at any point P of the stream is D Urcos 0, where
OP = r and 0 is the angle which (Tf’ makes with thI('a direction _1> Find
the differential equation of the streamlines and show that they lie on the

surfaces Ur? sin? § — 2m cos 0 = constant. 15
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Q7.

(c)

(a)

(b)

M RTE x € [0, 1] % 8 fx) = e** cos 3x8 | ME x=0,x=03,x =06
AT x = 1 TN EIE 3% SISl Sidqasl 959 ol EAHTE hid gL £(0-5) & A
R HINY | I [0, 1] W JE HHT G Ak Jie. E(0-5)
e off sBfsm | '

Let fix) = e2X eos 3x, for x € [0, 1]. Estimate the value of f(0:5) using
Lagrange interpolating polynomial of degree 3 over the nodes x = 0,

x =038, x = 006 and x = 1. Also, compute the error bound over the
interval [0, 1] and the actual error E(0:5).

Solve the partial differential equation

8%z W 0%z 2. 0%z X 26_3z XY
32{3 6X23Y 32{5.?2 6}?3

=l a, b (a < b) % &l Hehrs TS IS 5 sd sl SIE Sl T p b WA
T |qq T g | Ife I Bl A HL A e, SRt et i x-fawn ¥ 9 U

% 1Y qUT FEL AT 1 y-[e30 § {1V 6 Y, qf sy fob T i IR
Tifer, o fera

{a3U [1+%bar_3]x~b3\7[l+%a3r_3}y}

(b5 = &)
Wﬂ@?ﬁ%,ﬁﬁr2=x2+yz+zzﬂﬂTﬁéﬂﬁ$'ﬂﬂﬁﬁﬁ§ | T = fereft
off forg o o =61 7= FHeRIfTT |

The space between two concentric spherical shells of radii a, b (a < b) is
filled with a liquid of density p. If the shells are set in motion, the inner
one with velocity U in the x-direction and the outer one with velocity V
in the y-direction, then show that the initial motion of the liquid is given
by velocity potential

{a3U (1 - % b3r"3) X — b3v(1 + % a’ r_3] y}

b3 -2a)

o=

¢:

?

where 12 = x2 + y2 + z2, the coordinates being rectangular. Evaluate the

20

15

velocity at any point of the liquid.
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oI f&an = | 39w 1 sETe i g J‘2xexdx$l31ﬁﬁ=[@ﬁm|
2

1

For an integral | f(x) dx, show that the two-point Gauss quadrature

A
1.
rule is given by ; fx)dx =f [%] +f (— %) Using this rule, estimate
-1
4
IQX e*dx. 15
2

Q8. (a) | TR 10 ¢m/QUT SRR FHICY-INTSS ®T &ABA 1 cm? i FQH =hl Th ©BS 4§
AT uor, t)-FT6, I LT A BRTed phe 106G gfcan, ST CreTehan
K = 1:04 cal / (cm sec °C) @ faf¥me ST 6 = 0:056 callg °C. B Ufa:
RHREES ﬁ'ﬂ?ﬁ (perfectly isolated laterally) 8, FRI sl 0°C W Ta1 T B
YRA™ aTHH f(x) = sin (01 mx) °C 8 | &IF AT 6 u(x, t) A s
ut=c2um$r3@mqm%,aﬁc2=1(/ (po)d |

Find the temperature u(x,t) in a bar of silver of length 10 cm and
constant cross-section of area 1 cm?2. Let density p = 106 g/em?, thermal
conductivity K = 1-04 cal / (cm sec °C) and specific heat ¢ = 0-056 cal/g °C.
The bar is perfectly isolated laterally, with ends kept at 0°C and
initial temperature f(x) = sin (0-1 nx) °C. Note that u(x, t) follows the heat

equation u, = c? u__, where ?=K / (p ©). 20
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(b)

(e)

TS | YT hId o HIVT (¢ ETY U ¢k gY A W r BISAT % TH g9
fi1 free o @1 2 | 3 i 3 ke féwis df | sy, a1
13 &, qt Fa hIA | 3 o forg st T fafan | s e g%
T GHE b e 8 9§ T o T Shiford, |

A hoop with radius r is rolling, without slipping, down an inclined plane
of dength I and with angle of inclination ¢. Assign appropriate
generalized coordinates to the system. Determine the constraints, if any.
Write down the Lagrangian equations for the system. Hence or

otherwise determine the velocity of the hoop at the bottom of the
inclined plane.

oM ST A, B, C S&f™ =X &, ASI T A g0 [icE 8ia1 8, AOR B fog
5% A + B AT A AND B® foiu si5ish A . B® | @ F=fciRea s =t
T hIfTT qom AND 3{ROR. 128 1 S&iHid SHid g0 Hiiehd odsis ol
A% M@ EifEY |

A.(AB #CHCA + B + OWAmsBassCP A+ B + G

Let A, B, C be Boolean variables, A denote complement of A; A + B is an

expression for A OR B and A . B is an expression for A AND B. Then
simplify the following expression and draw a block diagram of the

15



